Exact solution of unsteady flow generated by sinusoidal pressure gradient in a capillary tube  by Abdulhameed, M. et al.
Alexandria Engineering Journal (2015) 54, 935–939HO ST E D  BY
Alexandria University
Alexandria Engineering Journal
www.elsevier.com/locate/aej
www.sciencedirect.comSHORT COMMUNICATIONExact solution of unsteady flow generated by
sinusoidal pressure gradient in a capillary tube* Corresponding author. Tel.: +60 146183613.
E-mail address: moallahyidi@gmail.com (M. Abdulhameed).
Peer review under responsibility of Faculty of Engineering, Alexandria
University.
http://dx.doi.org/10.1016/j.aej.2015.07.014
1110-0168  2015 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).M. Abdulhameed a,*, D. Vieru b, R. Roslan a, S. Shafie caCentre for Research in Computational Mathematics, Universiti Tun Hussein Onn Malaysia, 86400 Parit Raja, Batu Pahat,
Johor, Malaysia
bDepartment of Theoretical Mechanics, Technical University of Iasi, Iasi R-6600, Romania
cDepartment of Mathematical Sciences, Faculty of Science, Universiti Teknologi, 81310 Skudai, MalaysiaReceived 9 October 2014; revised 22 June 2015; accepted 22 July 2015
Available online 8 September 2015KEYWORDS
Oscillating flow;
Second grade fluid;
Capillary tube;
Exact solutionAbstract In this paper, the mathematical modeling of unsteady second grade fluid in a capillary
tube with sinusoidal pressure gradient is developed with non-homogenous boundary conditions.
Exact analytical solutions for the velocity profiles have been obtained in explicit forms. These solu-
tions are written as the sum of the steady and transient solutions for small and large times. For
growing times, the starting solution reduces to the well-known periodic solution that coincides with
the corresponding solution of a Newtonian fluid. Graphs representing the solutions are discussed.
 2015 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
Generally, many engineering fluids, e.g. dilute polymer, pastes,
slurries, synovial, paints exhibit numerous strange features,
e.g. shear loss/thickening and display of elastic effects which
cannot be well described by the Navier–Stokes equations. Var-
ious rheological models have been proposed to portray their
non-Newtonian flow behavior. The fluids of a differential type
have acquired special status due to their elegance, Dunn and
Rajagopal [1]. One such type of rheological model is the differ-
ential type fluid model and second grade fluid is one of the sub-
classes of these differential type fluid models. Due to its abilityin successfully capturing various non-Newtonian effects, it has
been the subject of many investigations [2–7], etc.
Recently, some of the newly developed approximate analyt-
ical tools have been employed by various researchers to solve
several basic flow problems of second grade fluid in cylindrical
geometry, and the approximate solutions were found for the
velocity profiles [8–11]. All these quoted analyses of the fluid
flow take place due to the drag of boundary in a bath of fluid.
However, no solution expressions were obtained for the flow
rate that is solely due to the oscillating pressure gradient.
The task of the present paper is to venture further in this
regime. For what we are interested to examine the unsteady
second grade fluid in a capillary round tube driving by a sinu-
soidal pressure gradient. Due to the complexity of the govern-
ing equations, finding accurate solutions is not easy. Therefore,
we made an attempt to obtain an exact solution to the differ-
ential equation. A solution for the velocity field is derived as
the sum of steady and transient solutions, describing the
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ysis. This review would serve as an important reference for
researchers in this area.2. Formulation of the problem
Consider an incompressible, laminar, viscoelastic fluid pulsat-
ing flow in a capillary tube with a radius of r0 driven by a pres-
sure gradient that varies sinusoidally with time as
rp ¼ ez B0 þ B1 exp ixtð Þð Þ: ð1Þ
where the pressure gradient contains a steady and a pulsating
part, of amplitudes B0 and B1, respectively. The unit vector ez
is in the z-direction parallel to the flow, x is the frequency of
the pressure gradient, t is the time and i ¼ ﬃﬃﬃﬃﬃﬃ1p is the imagi-
nary constant. Using the pressure gradient given in Eq. (1),
the cosine and sine oscillations can be treated by taking the
real and imaginary parts of the pressure gradient rp. Fig. 1
shows the physical configuration.
The Cauchy stress tensor T for an incompressible homoge-
neous second grade fluid is given by the constitutive equations
T ¼ pIþ S; S ¼ lA1 þ a1A2 þ a2A21; ð2Þ
where I is the identity tensor, p is the pressure, S is the extra-
stress tensor, l is the dynamic viscosity, and a1, a2 are normal
stress moduli and A1 and A2 are the kinematic tensors defined
as
A1 ¼ grad uð Þ þ grad uð ÞT; ð3Þ
A2 ¼ d
dt
A1 þ A1 grad uð Þ þ grad uð ÞTA1; ð4Þ
where d
dt
is the material time derivative and u is velocity vector.
The fluid velocity through capillary tube is moving with
velocity of the form
u ¼ u r; tð Þ ¼ u r; tð Þez; ð5Þ
where ez is the unit vector along z-axis.
Introducing Eq. (5) into Eq. (2), we find that
Tr;z ¼ lþ a1 @
@t
 
@u r; tð Þ
@r
; ð6Þ
By considering the pressure gradient in the axial direction, the
balance of the linear momentum in the absence of body forces
leads to the following equation
q
@u
@t
¼ B0 þ B1 exp ixtð Þð Þ þ @
@r
þ 1
r
 
Tr;z ð7Þ
Eliminating Tr;z between Eqs. (6) and (7), we obtainFigure 1 The physical configuration.q
@u
@t
¼ B0 þ B1 exp ixtð Þð Þ þ l @
2u
@r2
þ 1
r
@u
@r
 
þ a1
 @
@t
@2u
@r2
þ 1
r
@u
@r
 
; ð8Þ
The initial and boundary conditions are
u ¼ 0 at t ¼ 0; for 0 6 r 6 r0; ð9Þ
@u
@r
¼ 0 at r ¼ 0; for all tP 0; ð10Þ
u ¼ 0 at r ¼ r0; for all tP 0: ð11Þ
Consider the following dimensionless quantities
u ¼ u
um
; a ¼ a1
qr20
; t ¼ lt
qr20
; r ¼ r
r0
; x ¼ xr
2
0
t
: ð12Þ
we obtain the dimensionless initial-boundary values problem
(dropping  the notation)
@u
@t
¼ c B0 þ B1 exp ixtð Þð Þ þ @
2u
@r2
þ 1
r
@u
@r
þ a @
@t
@2u
@r2
þ 1
r
@u
@r
 
ð13Þ
u ¼ 0 at t ¼ 0; for 0 6 r 6 1; ð14Þ
@u
@r
¼ 0 at r ¼ 0; for all tP 0; ð15Þ
u ¼ 0 at r ¼ 1; for all tP 0: ð16Þ
where c ¼ r20lum is a constant that controls the amplitude of the
pressure fluctuation and um ¼ r
2
0
l
@bp
@z
 
is the cross-sectional
mean velocity for the time-averaged flow.
3. Solution technique
3.1. Steady solution
Assume that the solution to Eq. (13) is of the form
u r; tð Þ ¼ us rð Þ þ ut r; tð Þ; ð17Þ
where us is a steady solution and ut is the transient solution
component. Note that, if we allow t!1, we obtain the
steady solution.
Substituting Eq. (17) into (13) we have
@us
@t
þ @ut
@t
¼ c B0 þ B1 exp ixtð Þð Þ
þ @
2us
@r2
þ @
2ut
@r2
þ 1
r
@us
@r
þ 1
r
@ut
@r
 
þ a @
@t
@2ut
@r2
þ 1
r
@ut
@r
 
: ð18Þ
Considering @us
@t
¼ 0, Eq. (18) can be separated into two
equations
@2us
@r2
þ 1
r
@us
@r
¼ cB0; ð19Þ
@2ut
@r2
þ 1
r
@ut
@r
þ a @
@t
@2ut
@r2
þ 1
r
@ut
@r
 
 @ut
@t
¼ cB1 exp ixtð Þ; ð20Þ
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us rð Þ ¼ ut r; 0ð Þ; ð21Þ
@us
@r
¼ @ut
@r
¼ 0 at r ¼ 0; ð22Þ
us ¼ ut ¼ 0 at r ¼ 1: ð23Þ
The solution of Eq. (19) is obtain as
us ¼ 1
4
cB0 1 r2
 
: ð24Þ
We realize that the solution us in Eq. (24) provides a parabolic
velocity profile that coincides with the corresponding solution
of a Newtonian problem and is independent of the second-
grade parameter a.
3.2. Transient solution
Consider that the transient solution can be written as a
function
ut r; tð Þ ¼ cB1ud r; tð Þ: ð25Þ
Substituting Eq. (25) into Eq. (20), gives
@2ud
@r2
þ 1
r
@ud
@r
þ a @
@t
@2ud
@r2
þ 1
r
@ud
@r
 
 @ud
@t
¼  exp ixtð Þ; ð26Þ
applying finite Hankel transform technique, Eq. (26) can be
expressed as
J0
@2ud
@r2
þ 1
r
@ud
@r
þ a @
@t
@2ud
@r2
þ 1
r
@ud
@r
 
 @ud
@t
	 

¼ J0  exp ixtð Þ½ ; ð27Þ
where J0 is the first class Bessel function with the following
properties
J0
@2g rð Þ
@r2
þ 1
r
@g rð Þ
@r
	 

¼ k2nJ0 g rð Þ½ ; ð28Þ
J0
@g rð Þ
@t
	 

¼ @J0 g rð Þ½ 
@t
; ð29Þ
J0  exp ixtð Þð Þ ¼  exp ixtð Þkn J1 knð Þ; ð30Þ
and kn are the positive roots of J0 knð Þ. Eq. (27) reduce to
k2nJ0 ud r; tð Þ½   ak2n
@J0 ud r; tð Þ½ 
@t
 @J0 ud r; tð Þ½ 
@t
¼  exp ixtð Þ
kn
J1 knð Þ: ð31Þ
Take J0 ud r; tð Þ½  ¼ F kn; tð Þ, Eq. (31) gives
F kn; tð Þ þ aþ 1
k2n
 !
@F kn; tð Þ
@t
¼ exp ixtð Þ
k3n
J1 knð Þ; ð32Þ
Eq. (32) is a non-homogeneous differential equation with con-
stant coefficients. The general solution is given by
F kn; tð Þ ¼ C exp  k
2
nt
ak2n þ 1
 !
þ J1 knð Þ exp ixtð Þ
kn k
2
n þ ix ak2n þ 1
   : ð33Þ
where C is a constant. The constant can be determined through
the initial conditions.Using Eqs. (21) and (25) we have
ud r; 0ð Þ ¼  B0
4B1
1 r2 : ð34Þ
Applying the finite Hankel transform with J0
F kn; 0ð Þ ¼ J0 ud r; 0ð Þ½  ¼  B0
4B1
Z 1
0
r 1 r2 J0 knrð Þdr; ð35Þ
The following simplification is obtained
F kn; 0ð Þ ¼ J0 ud r; 0ð Þ½ 
¼  B0
4B1k
2
n
Z kn
0
zJ0 zð Þdzþ B0
4B1k
4
n
Z kn
0
z3J0 zð Þdz; ð36Þ
where z ¼ knr. Using the following propertiesZ
zJ0 zð Þdz ¼ zJ1 zð Þ;Z
z3J0 zð Þdz ¼ z3J1 zð Þ  2z2J2 zð Þ; ð37Þ
we obtain
F kn; 0ð Þ ¼  B0
2B1k
2
n
J2ðknÞ: ð38Þ
But, using
Jn1ðzÞ þ Jnþ1ðzÞ ¼ 2n
z
JnðzÞ; ð39Þ
with n ¼ 1 and z ¼ kn, implies J0ðknÞ þ J2ðknÞ ¼ 2kn J1ðknÞ with
J0ðknÞ ¼ 0 (by hypothesis) and
F kn; 0ð Þ ¼ B0
B1
J1ðknÞ
k3n
: ð40Þ
Making t ¼ 0 into Eq. (33) and using condition (40), we get
C ¼ B0
B1
J1ðknÞ
k3n
 J1 kn½  exp ixtð Þ
kn k
2
n þ ix ak2n þ 1
   : ð41Þ
The solution of Eq. (32) with initial condition (40) correspond-
ing to (21) could immediately follow
F kn;tð Þ¼B0
B1
J1ðknÞ
k3n
exp  k
2
nt
ak2nþ1
 !
þ J1 kn½ 
kn k
2
nþ ix ak2nþ1
   exp ixtð Þ exp  k2nt
ak2nþ1
 !" #
;
ð42Þ
or
F kn; tð Þ ¼ B0
B1
J1ðknÞ
k3n
exp  k
2
nt
ak2n þ 1
 !
 k
2
n  ix ak2n þ 1
  
J1 knð Þ
kn k
4
n þ x2 ak2n þ 1
 2h i exp  k2ntak2n þ 1
 !
þ k
2
n  ix ak2n þ 1
  
J1 knð Þ
kn k
4
n þ x2 ak2n þ 1
 2h i cos xtð Þ þ i sin xtð Þ½ ;
ð43Þ
Further,
Figure 2 Velocity profiles u r; tð Þ for different values of time
parameter t with the cosine pressure gradient when
c ¼ 0:4;B0 ¼ 0:7;B1 ¼ 0:8;x ¼ p7 and a ¼ 0:53.
Figure 3 Velocity profiles u r; tð Þ for different values of time
parameter t with the sine pressure gradient when
c ¼ 0:4;B0 ¼ 0:7;B1 ¼ 0:8;x ¼ p7 and a ¼ 0:53.
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B1
J1ðknÞ
k3n
exp  k
2
nt
ak2n þ 1
 !
 J1 knð Þk
2
n
kn k
4
n þ x2 ak2n þ 1
 2h i exp  k2ntak2n þ 1
 !
þ J1 knð Þk
2
n cos xtð Þ þ J1 knð Þx ak2n þ 1
 
sin xtð Þ
kn k
4
n þ x2 ak2n þ 1
 2h i
þ i J1 knð Þx ak
2
n þ 1
 
kn k
4
n þ x2 ak2n þ 1
 2h i exp  k2ntak2n þ 1
 !8<:
J1 knð Þk2n sin xtð Þ  J1 knð Þx ak2n þ 1
 
cos xtð Þ
kn k
4
n þ x2 ak2n þ 1
 2h i
9=;; ð44Þ
Implies
F kn; tð Þ ¼ F1 kn; tð Þ þ iF2 kn; tð Þ: ð45Þ
Observations for t!1 (The ‘‘permanent solution” or solu-
tion for large time)
F1 kn; tð Þ !
J1 knð Þk2n cos xtð Þ þ J1 knð Þx ak2n þ 1
 
sin xtð Þ
kn k
4
n þ x2 ak2n þ 1
 2h i ; ð46Þ
F2 kn; tð Þ !
J1 knð Þk2n sin xtð Þ  J1 knð Þx ak2n þ 1
 
cos xtð Þ
kn k
4
n þ x2 ak2n þ 1
 2h i : ð47Þ
To observe that we have obtained only these solutions of Eq.
(32). Since for an experiment, these solutions are important.
Inverse Hankel transform of Eq. (44), gives
ut r; tð Þ ¼ a r; tð Þ þ a1 rð Þ cos xtð Þ þ b1 rð Þ sin xtð Þ
þ i b r; tð Þ þ a1 rð Þ sin xtð Þ  b1 rð Þ cos xtð Þf g; ð48Þ
where
a r; tð Þ ¼ 2cB1
X1
n¼1
J0ðknrÞ
J1ðknÞ 
B0
B1k
3
n
 kn
k4n þ x2 ak2n þ 1
 2
" #
exp  k
2
nt
ak2n þ 1
 !
;
ð49Þ
a1 rð Þ ¼ 2cB1
X1
n¼1
J0ðknrÞ
J1ðknÞ
kn
k4n þ x2 ak2n þ 1
 2
" #
; ð50Þ
b r; tð Þ ¼ 2cB1
X1
n¼1
J0ðknrÞ
J1ðknÞ
x ak2n þ 1
 
kn k
4
n þ x2 ak2n þ 1
 2h i
24 35 exp  k2nt
ak2n þ 1
 !
;
ð51Þ
b1 rð Þ ¼ 2cB1
X1
n¼1
J0ðknrÞ
J1ðknÞ
x ak2n þ 1
 
kn k
4
n þ x2 ak2n þ 1
 2h i
24 35; ð52Þ
where J1 is the Bessel function of first kind of order one and kn
is the eigenvalue of the Bessel function of first kind of order
zero.
The solution above is to the best of the present author’s
knowledge, the first known solution of the transient second
grade problem when oscillatory pressure gradient is considered.
It should be noted that the solution (48) can be reduced to
the permanent solution also called steady-state solution, for
large time t!1; a r;1ð Þ ! 0, b r;1ð Þ ! 0.The permanent solution of (48) can be written in the sim-
pler form as
upt r; tð Þ ¼ a1 rð Þ cos xtð Þ þ b1 rð Þ sin xtð Þ
þ i a1 rð Þ sin xtð Þ  b1 rð Þ cos xtð Þf g: ð53Þ4. Graphical results
Figs. 2 and 3 display the effects of time on fluid velocity for
both cosine and sine pressure gradient. It is noticed that fluid
velocity u increases on increasing time t ¼ 0:25; 0:75; 1:0 in the
boundary layer region which implies that there is an enhance-
ment in fluid velocity as time progresses for both cosine and
sine pressure gradient. It is also noted that the solution corre-
sponding for cosine oscillating pressure gradient contains the
steady part.
The starting velocity u r; tð Þ is written as the sum of the
steady solution us rð Þ given by Eq. (24), the transient solution
ut r; tð Þ given by Eq. (48) and the permanent solution up r; tð Þ
Figure 4 Profiles of starting and permanent solutions for various
values of radius parameter r with the cosine pressure gradient
when c ¼ 0:4;B0 ¼ 0:7, B1 ¼ 0:8;x ¼ 1:0 and a ¼ 0:53.
Figure 5 Profiles of starting and permanent solutions for various
values of values of radius parameter r with the sine pressure
gradient when c ¼ 0:4;B0 ¼ 0:7, B1 ¼ 0:8;x ¼ 1:0 and a ¼ 0:53.
Exact solution of unsteady flow 939given by Eq. (53). Since the limt!1ut r; tð Þ ¼ 0, the transient
solution can be neglected for large values of time t. In this case
the flow is according to the steady and permanent solutions.
These aspects are shown in Figs. 4 and 5 for cosine and sine
pressure gradient, respectively. For three different values of
the radial coordinate r ¼ 0:0; 0:5; 0:8. It is noted that for small
values of the time t, the difference between the starting solu-
tions and the permanent solutions is significant. For large val-
ues of the time t, the curves corresponding to the starting
solutions become identical with the curves corresponding to
the permanent solutions for both cosine and sine pressure
gradient.
5. Conclusion
In this paper, an exact analytical solution for the velocity field
corresponding to the motion of a second grade fluid in acapillary tube has been established in explicit form. This solu-
tion presents as a sum of steady-state and transient solutions,
the motion of the fluid for small and large times. However, for
growing values of time t, the starting solution reduces to the
well-known steady solution that is periodic in time and inde-
pendent of the initial condition. This method appears to
become helpful and may be used to obtain other analytical
solutions for similar flow situations. It is wished this short
review would bring out more research in this significant area.
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